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VL Repulsion and Rotation produced by Alternating Electric Currents.
By G. T. WaLkkr, B.A4., B.Sc., Fellow of Trinity College, Cambridge.

Communicated by Professor J. J. THOMSON,
Received November 5,—Read December 10, 1891.

In the “Electrical World,” May, 1887, p. 258, or the ‘ Electrical Engineer’ (New
York), June, 1887, p. 211, “ Novel Phenomena of Alternating Currents,” may be seen
an account of some experiments by Professor ELtru THoMsON on the mechanical
force between conductors in which alternating currents are circulating.

In the case of a ring of metal in the presence of an electromagnet, in the coils of
which an alternating current is passing, a force of repulsion is experienced by the
ring, and this may be accounted for in the words of Professor THOMSON as follows :—

“It may be stated as certainly true that were the induced currents in the closed
conductor unaffected by any self-induction, the only phenomena exhibited would be
alternate equal attractions and repulsions, because currents would be induced in
opposite directions to that of the primary current when the latter current was
changing from zero to maximum positive or negative current, so producing repulsion ;
and would be induced in the same direction when changing from maximum positive
or negative to zero, so producing attractions.”

This may be illustrated by fig. 1. Here the strong line represents the primary and

Fig. 1.

the thin line the secondary, while of the dotted line any ordinate is the product
of the ordinates of the lines representing the intensities of the currents and, hence,
represents the mechanical force of attraction or repulsion.
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280 MR. G. T. WALKER ON REPULSION AND ROTATION

In the case of self-induction causing a lag, shift, or retardation of phase in the
secondary current, the circumstances are described by Professor Errmu THoMSON as
follows :—

“Tt will be noticed that the period during which the currents are opposite, and
during which repulsion can take place, is lengthened at the expense of the period
during which the currents are in the right direction for attractive action.

“ But far more important still in giving prominence to the repulsive effect than
this difference of effective period, is the fact that, during the period of repulsion, both
the induced and inducing currents have their greatest values, while, during the
period of attraction, the currents are of small amounts comparatively. There is then a
repulsion due to the summative effects of strong opposite currents for a lengthened
period against an attraction due to the summative effects of weak currents of the same
direction during a shortened period, the resultant effect being a greatly preponderating
repulsion.”

The diagram for this is given in fig. 2.

Fig. 2

Professor TroMsoN has proved experimentally that two circular coils, whose planes
are perpendicular to the line joining their centres, repel one another when an
alternating current traverses one of them.

If the coils consist of circular wires of radii A, a, and the planes be distant b, while
the current traversing the primary is of strength I sin pt, then I have shown that the
force of repulsion is

. 2m°p"bN . .
I? ST 1 e [2F — (1 4 cos® y) F] [2F — (1 + sec® y) K],
where )
S = resistance of secondary cireuit,
N = its coefficient of self-induction,
. _ 24/ (Aa)

and F, E are complete elliptic integrals to modulus sin y.
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PRODUCED BY ALTERNATING ELECTRIC CURRENTS. 281

This repulsion may easily be taken advantage of by using it as the basis of a meter
for alternating currents.

If the coils consist of two circles of radii ¢ and ¢ (the former the greater), with their
centres coincident and planes making an angle 6, and we send a current I sin pt
through the larger, there will be a couple tending to increase the angle 6.

This has been proved experimentally by Professor THoMsoN : its amount proves
to be
2N ¢

Izmg (—L;[sinﬁcosﬁ—l—§<2>2sin000‘s6(1060s20—3)+. .. ]

The positions 0 = 0 and § = =/2 are positions of equilibrium, the former being
unstable and the latter stable.

By making the plane of the primary vertical and suspending the secondary inside
so as to be capable of turning round a vertical axis by means of bifilar suspension
with # = 0 as position of equilibrium, the deflection #, when the alternating current
is passing, will give the intensity of current.

We might also get the intensity by suspending the secondary by a single thread
and observing the time of a small oscillation about 6 = /2.

If the moment of inertia of the secondary about the vertical be mA? it is not difficult
to show that the number of oscillations per second is

I 2mpc? . 1—2 c\? .
/\/{Zmlcz (S* + N%o")} 8\a) "~
(42

N

Professor ELtru THOMSsON has devised other interesting experiments of which the
following is an example :—

A sheet of copper is placed so as to half cover an alternating magnetic pole. Upon
this, near the pole, is laid a hollow sphere of copper. The electromagnetic action
produces a couple so powerful that the friction of rotation is overcome and the sphere
is spun round.

The mathematical analysis for this case being complicated I have evaluated the
couples called into action in various combinations of hollow spherical and cylindrical
shells.

It is a known fact that in a spherical conductor no external field can give rise to
induced currents that do mnot circulate in concentric spherical shells. After a
preliminary theorem to the effect that there are no other families of surfaces which
possess similar properties, the case has been considered of an infinitely long, thin,
circular cylindrical shell in a field consisting of alternating currents parallel to its
axis. ,

If the electrokinetic momentum of the primary field be expanded in harmonics over
the cylinder, it turns out that if all the terms of each harmonic have the same phase,

MDCCCXCIL—A, 20
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282 MR. G. T. WALKER ON REPULSION AND ROTATION

there will be no couple acting on the cylinder: as a particular cage, if the external
field have the same phase throughout there will be no couple.

The next case considered is that of two long cylindrical shells in the presence of an
alternating current in a long parallel wire.

If the current in the wire be I cos pt, and o, o’ be the resistances (across unit length
of the surface) and a, o the radii of the shells, while p, p” are their distances from
the wire, d from one another, and ¢ of the wire from the plane containing the two
axes, then the couple on the @ shell is in the direction represented in fig. 8, of amount

Fig. 5.
0, & f//;\\\e, i L\/ a \} .
' QO 4 X
L //\\ﬂ__[/' )
//

e Setedd e [ 1 e R =)
Ppid | DD, T DDt T

where

D, = 47%*p* + o'n?,

P e

D, = 4w*a*p® + o0’

In this case the couples on the two shells are, considering only the most important
term, of equal magnitudes and of opposite signs.

If a second wire conveying a current of strength — Icos pt be laid close to that
already present, we obtain in effect a filament periodically magvetised in a direction

~ perpendicular to its length. Let this direction make & with the plane containing the

axes. Then, if QQ’ (the line of length d) subtend ¢ at the magnet M, the couple on
the a shell is
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PRODUCED BY ALTERNATING ELECTRIC CURRENTS. 283

8m*peo’ala’®

— A%, ;
@* D, D' pp”

sin 2¢,
where A cos pt is the intensity of the magnet and terms of the eighth degree in the
radil are omitted.

Thus, to this order of approximation, we have the following results :—

(2.) The couples exerted are independent of «, i.e., of the direction of the axis of
the electromagnet.

(B.) The shells have equal couples in opposite directions, the parts of the shells
directed towards one another being attracted towards the electromagnet if ¢ is less
than a right angle, and driven away if ¢ exceeds a right angle.

Tig. 5.

If ¢ be a right angle the couple is zero.

We next discuss the case of a thin spherical shell in any field and show that—

() If the field be symmetrical round any diameter, there will be no couple about
that diameter.

(B.) If the external field be completely in the same phase, or if, when the external
magnetic potential is expanded in harmonics over the surface, the terms of the
harmonie of any degree are in phases that are the same for the same degree, then the
couple will vanish. From this it follows that if the primary field be in the same
phase throughout, and any number of perfectly conducting bodies be introduced,
their currents will be in the same phase as the primary field, and no couple will
be produced. |

It has been stated that in the case of Professor ELiau THOMSON'S sphere, spinning
on a sheet of copper, the effect was due to the sheet acting as a “ shield” and pro-
ducing an unsymmetrical field. That this explanation is not satisfactory will be
evident on considering that the field is unsymmetrical before the sheet is interposed,
and that the better the sheet conducts the better the shielding effect ; so that if it
be a perfect conductor a Jarge couple would be expected whereas in reality there is
none whatever.

The effect must, I think, be traced to the fact that the currents induced in the
sheet are caused by self-induction to lag, so that the field in action on the sphere
does not alternate in one phase.

2 02
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284 MR. G. T. WALKER ON REPULSION AND ROTATION

The results obtained in the preceding analysis are applied to the case of two thin
spherical shells in the presence of an alternating current in a straight infinite wire.

Fig. 7.
et/
=
0 /M\ s ("
AN
o

/W/

Y

If the line joining the centres of the spheres be taken as OX, and the axis OY be
the shortest distance between OX and the wire W (the last two lines being taken
perpendicular to one another), then calling the distances of the centres of the
spheres from the origin b, 0, and their radii a, o’ (as with the cylinders), we have as
the first terms of the couples upon the a, b and the o, 0" shells—

1447%pPoa’ ata’tc

MPQP/2 d? A, All

(2b + b) 12,

and
1 tdm*pPoo’ata’te

P2 d3 A A, (b + 26/) Ig»

where
» = 167%%® + (2n + 1) o?,

and I cos pt, o, o/, ¢, and d have the same meanings as before.
If we write A for (b 4 b'), the couples are

T2m*p%cc’ata’te 5
P2 A, A (6}1’ + d)I .
Hence
(x.) If o, o’ or ¢ vanish, the couples vanish, as might be expected.
(B.) The signs of the couples fall into three cases :—
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PRODUCED BY ALTERNATING ELECTRIC CURRENTS. 285
(i.) When 64 is positive and greater than d, both couples are positive.
Fig. 8. Fig. 9.
Z[a/ Y i \4 !/
e VNS
R N h /

S
P4

W

A2

(i.) When 6k is numerically less than d, the a, b couple is positive and the

o, b negative.
Fig. 10.

‘ i

y\

fg I{ 24

J

Bl
<
T
>

1 gAY
\,/

(iii.) When 64 is negative and numerically greater than d, both couples are
negative.
Fig. 11, Fig. 12.

o S R

w w

If we place another wire by the side of that already in position, and thus make a
filament alternately magnetised in a direction perpendicular to its length. and making
an angle & with OX (as with the cylinder), then the couple ou the a, b sphere is

7271' Qa’*a oo’

PpleA'ds[mz(')’”‘7)‘*‘051“2(“’67 Yl

and on the o/, b’ sphere
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T2 te o’ - . , . e
p [ATPEW GO — , —_ —
oA A LN 2 ) B sin 2 (e —y —y ),
where K cos pt is the magnetic moment of unit length,

To this order then

(@) If the couples on the shells be equal and opposite
oy =) == 0, or Lm.

(B.) The couples will not vanish when ¢ = 0 (and y = 9" = 0) unless, in addition,
o= 0 or im
In this case considerations of symmetry would give right results.
(y.) For an example, take
y = 30°, y = 60°,
and the couples will be

Temipdates T /3 -
2 M Y e 9 g
K¢ oA A P L + 5 3 sin 2a |
the upper sign referring to the a, b shell.
The sign of the bracket will be + when a = — 1.
) 55 25 + , =0 or ‘%W
23 32 59 - Y o= "l_ 21777'@
Fig. 13 Fig. 14

7

% .

(8.) In confirmation it may be noticed that when y = @ — ' (v.c., when the spheres
are equidistant from the origin), and « is zero or a right; angle, the couples are equal
and opposite,


http://rsta.royalsocietypublishing.org/

I\

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

L\

\
)

/’A

Y
A

a
,

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

PRODUCED BY ALTERNATING ELECTRIC CURRENTS. 287

Their magnitudes are
T2m*p%ata oa’ .
2 (-
+ ————~—p2p,2 AN, sin 2y,

and are negative and positive on the a, b and ', b" shells as long as the former is to

the right of the latter.
Fig. 16.

VR
<

S }@J

ey

7

We now consider the couples on two spherical shells in the presence of a magnetic
pole of strength H cos pt.

We take the same axes as before with the magnetic pole at (o, ¢, o).

The couple on the @, b shell proves to be

2 367 pata’teao’
PP AN

e

(b + 20,
and that on the o/, b’ shell

Q 2112 yd 4 /

g S6mpPata o q!
373 r3
PP A d

b

(20 + D).

Hence

(«.) The couples vanish, as they should, when ¢ = 0, or o = 0, or ¢’ = 0,

(B.) When b = — V' and a = «/, the figure is symmetrical to the plane YOZ,
and the couples are equal and opposite: that on the @, b shell to the right is
positive.

Fig. 17.
N/ T /A
N Nz

M

(y.) For other cases the discussion is similar to that for the cylinders with parallel
current I cos pt.
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Thus (i.), when & {=4 (b 4 1)} is positive, and greater than d/6 the couples are both

negative.
Tig. 18. . Fig. 19.

0 (AR ?g/—\? /AT N f/,\'\
o) NI )

M

(iii.) When 6/ is negative and numerically greater than d, the couples are both
positive.
Fig. 21. Tig. 22.

(Ol O

If we take two spherical shells in the presence of a small magnet of moment
K cos pt, whose axis cuts the line joining the centres of the spheres at angle «, we find
for the couple on the u, b shell

2Twptata too’ ,
e K.‘Z 2A1 All d3p3pl3 4) (a9 Vs 7)3

where ¢ (a, 7, 7') is written for
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sin 2a 4 3 (sin 2y + sin 2y) 4 sin 2 — 2y’ — sin 200 — 2y

Y

For the other shell, we interchange v and .

For the couples to be equal and opposite when y" = 7 — y, we must have « = 0
or 3m. When y = 4w, the a, b couple is positive for both values of «, and when
y = %, it is negative.

p Fjig. 424,. ’ /\é\ Fig. 25. /ﬁ\
S0 =S )

AA

We now take as an example
y = /6, ¥y = 7/3,
and the a, b couple is negative from 0° to about 98° 23, positive thence to 171° 37’
and negative to 180° The o', b’ couple is negative from 0° to 112° 34’, positive
thence to 157° 26" and negative to 180°.
In fig. 26, @ = 45°; in fig. 27, a = 105°

Fig. 26, Fig. 27. |
\ w g
/M M\

MDCCCXCIL.—A. 2P
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290 MR, G. T. WALKER ON RBEPULSION AND ROTATION
In fig. 28, & == 135°; in fig. 29, o == 165°

Fig. 28. Fig. 29.

(AN /\\! | 0 ZQ’j T )
‘ N S

// / / / «"""//
& /)

I f* N

2

£

PO

K
N
2}

For general principles I have derived assistance from the paper by Professor C.
Nrven, in the ‘ Philosophical Transactions’ of 1881, “ On the Induction of Klectric
Currents in Infinite Plates and Spherical Shells.”

The Mechanical Effects of ihe Currents Induced in One Coil by those in Another.

1. Adopting MaXWaLL’S notation and taking y;]_, Y, as the currents in the two

circuits, we have
21 = Ly* -+ 2Myy, + Ny

If R and S be the resistance of the primary and secondary circuits, and the current
in the former be I sin pt, then for the second circuit

%(Mi‘/l “+ Nyy) + Syp == 0,
whence
y, = A cos pt + B sin pt,
where
A B — 1

SMp — MNg  pN* + 8

Thus the “lag” due to self-induction in the secondary coil is tan™ Np/S, and the
clectromagnetic force tending to increase a coordinate @ is

the mean value of which 1s
. DMNp dM
TR NP

If the coils consist of circular wires of radii A and «, and their planes be perpen-
dicular to the line of length b that joins their centres, then MaxweLL shows (§ 701)

that


http://rsta.royalsocietypublishing.org/

I\

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

L\

\
)

/’A

Y
A

a
J

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

PRODUCED BY ALTERNATING ELECTRIC CURRENTS. 291

M= A 4 o y) F - 2K,

sin

where
2/ (Aa)
Y= @ a1y

and ¥ and E are complete elliptic integrals to modulus sin 7.

Also '
aM . ar
b T/ (Aa)

so that the repulsion is

bsiny {2F — (1 + sec®y) E},

2192
I % [2E — (1 4 cos®y) F] [2F — (1 4 sec® y) E].

If the coils consist of two circles of radii @ and ¢ (the former the greater) with their

centres coincident and planes inclined 8, we have from MaxweLL (§ 697),

M= dne {5 SR (OP Py (0) + . 7(7]:1“) @ [P, (0P P, (0) + .-}

1 ¢ o1 /e\3/3\2
:47720{@ ~ P (0) ﬁ-*g_z(g) <§) Py (0) -+ ..

+irle) o] RO ]

where » must now be odd.
The couple tending to increase 8 is

12 MNp? dM
Gy e e
or
Np? 1 ¢ 1 /e\3 /3\25cos® @ — 3cos b 1
ie 2P ) Y A Y s
o SQ-{—pQNgl&TC[1.2acose+3.4<a> <2> 2 LR
I 1 /¢\3/3\215 cos? 0 —3 1.
x|ie +aaly) (5) T g
or

-

o 2m'p’Ne® ¢ |

° ¢ 2 ) )
1 3 N g Sin 6 cos 6[1 +- ;?—(/—l) (10 cos® @ — 3) + . . }

2. In the course of the following work it will often be necessary to know what kind
of distribution of electric currents is likely to be set up in conductors of various shapes
on the introduction of external fields: it is known that in a sphere no external field
can give rise to currents that do not circulate in concentric spherical surfaces, and it

2P 2
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292 MR. G. T. WALKER ON REPULSION AND ROTATION

might be thought that for some other surface an analogous property held, as that in
an anchor ring the induced currents always lay in toroidal surfaces.

The question may be stated as follows :—

Given a system of orthogonal surfaces,

o == constant,
O = constant,
¢ == constant,

and a uniform conductor whose bounding surface has @ constant, what is the condition
that, whatever be the nature of the external field, the induced currents may lie in the
a surfaces.

If the length 8s of the line joining the consecutive points @, b, ¢, and & 4 da,
b -+ b, ¢ + 6c be given by

8s? = A? 8a® + B 80* + C? &¢?,

and if
u, v, W,
a, B, v
¥ G, H,

denote the components of electric current, of magnetic force, and of electromagnetic
momentum along the normals to the three orthogonal surfaces through any point,
then MAXWELL's equations of electric currents become

0 0
0 0
47CA . v = 3 (Aet) — 5 (Cy)
v 0, 0
4mAB . w = 5 (BB) —~ % (Aa),

and if there be no magnetisable matter in the conductor, «, 8, y are components of
nmagnetic induction, and are given by

5 d
Boazwiaﬁn-mngG%

with two similar equations.
If o denote the specific resistance of the conductor, and 4 the electrostatic potential,
then within the conductor we have (it being at rest)

oF oy
OU= "% T Ad

with two similar equations.
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Remembering that the surface has o constant over it, we have as the surface con-
dition (Professor C. N1veN, ¢ Phil. Trans.,” 1881, p. 313)
oF Oy
a T aw="

the normal outwards being in the direction of a increasing: and (from the same
source) within the conductor

Vi = 0.

Hence 0ys/on being known, ¥ is uniquely determined (MAXWELL, vol. 5, § 100, e).
Let us write ¢ = 0x/ot, and

f=F 4 X
E =F + Aoa

¥=0 + %
- Bob

, ox

then our equations are typified by
— )
=T w

0 rn D
BCx= 5 (CH)— < (BG)

2%

0 0
47uBC = % (Cy) - (BB) B

If now the conductor be such that no external field can give rise to currents
normal to a surfaces, then for all values of ¥, G’, H’ consistent with

~F =0
at the surface, and

0 , 0 , 0 /
5;(BOF)+8—Z)(CAG)+ E%(ABH) =0
within the conductor, » must everywhere vanish : that is, inside,

ot i)
0=2(Cy)—" (BB) %

Now F’ is everywhere zero before the external field is brought into existence,
hence by the former equation (1) it is everywhere zero permanently.
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On substituting in the latter equation from the equations connecting B,y with
¥, G, H', and remembering that F' = 0, we get

B%{AB aa<BG')} + 5 { AC 3n (CH)} 0,

and this is to hold for all values of G', H' consistent with
(CAG ) —}- (ABH ) =

This condition is replaced by taking

and the former relation becomes
9 B 9\ B o/C O 0
b AB o <AC 80>J AC da <AB ab)_J =
0 B

0
EX
2L Ad (B)+ ) 2[R s () + ] =o.

or

therefore

ASEE) - BAE LB - A5 )
o) = o (3g) =

Now f being arbitrary the coefficients of f;,, &c. must vanish, therefore

C 9/B B 0/C\ . ..
E g] (E) = E o <AB) == function of a (()I' constant) e (11.>,
and
1
s = function of @ (or congtant) . . . . . . (1. ).

On differentiation, the relation

becomes
0 BBy 121\ B 30 10y
A?B da (C) + A Oa <A> A2C da (B) A Oa (A)
Therefore
C o /B\_ BI /MO
B aa<0> G aaQB) -
Therefore
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o /B
Hence B/C is a function of b, ¢ only.
Also it was proved that

C /B ,
AB da <X@> = function of ¢ (or constant).
Therefore :
Loy
A 0 (A) = function of & (or constant).

This, as well as the last condition (iii), is satisfied by A = function of a.
Geometrically this means that the normal distance between « and a - da is every-
where the same, ¢.e., that the a surfaces are parallel.

Now the radius of curvature p, of the normal section of o constant along the
normal to b is given by

11 @B
pa  AB 3o’
and so too
11
P ACCa’
Hence, if B/C is independent of «,
Pab = Pac »

w.e., the two curvatures at each point of an « surface are equal.
Thus, the property in question is satisfied by a sphere, and only by a sphere or
spherical shell, including, as a special case, a plane slab infinite in both directions.

The Mechanical Effect of Currents set up wn o Thin Ciwrcular Cylindric Shell of
Infinste Length.

3. We consider the case of a periodic field consisting of currents parallel to the
axis of the shell.

In this case the surface condition informs us that since there is no normal com-
ponent of electromagnetic momentum, there will be no electrostatic potential ; also,
if the axis of the cylinder be taken as the axis of cylindric coordinates, we have

d T -
| owzz—"&g(H-J—Ho) B (A
where H, is the momentum due to the external field and H that due to the induced
currents, while o and w represent the resistance and current across unit length of the
surface.
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296 MR. G. T. WALKER ON REPULSION AND ROTATION

Consider
Hy = ™ sin pt

at the surface of the shell, and let the induced currents give rise to momentum at the
surface of

H = ¢ [B sin p¢ + C cos pt].

Since H is the potential of a distribution on the cylinder of imaginary matter of
surface density w, we have

W= —— g [B sin pt -+ C cos pt].

Qmra

On substituting in (iv.) we see that

%[B sin pt 4+ C cos pt] = — p[B cos pt — C sin pt] — pA cos pt.

Therefore
on b
Y= B—pC=0 L
o
Therefore
—2mapA B C
Ar%fp? + o*n?  Zmap  on’
Hence

. np (2ap sin pt + oncos pt) L.
w=~—4 dmaPp® + o*n? ¢

corresponding to a term ‘
Hj == Ae™ sin pt.

On differentiating with respect to ¢, we see that if

Hy = A’e™ cos pt,
then
, mp (2arap cos pt — ansin pt) .

ind
4:71'26‘62])2 + o*n?

W= — A

On separating real and imaginary parts, it is clear that when

H, = [M cosnf + N sin nf|sin pi
+ [Q cos nf 4 R sin nf] cos pt,
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then at the surface

H=-— mg}% [27ap sin pt + on cos pt] [M cos nf + N sin nd]
- m% [27ap cos pt — onsin pt][Qcosnd + Rsinnd]. . . (v),
and
w = §% H.

4. We now proceed to find the components of magnetic force. When there is no

magnetic matter (as we assume to be the case) the equations in cylindricals connecting
e, B, v with F, G, H, are

_oH oGt
TE=00 T %
oF oH
B= "%
J oF

_ loH
a_waﬁ

_ _°H

- awl
y = )

“When the value of H at the surface is

; H, = Ae™ sin pt,
then just outside,

Hy=A <§> €™ sin pt,

so that just outside,

n—1 i .
e ™ sin pt
Foe e e e ().

"l l
e RN %
/30 = —nA e sin pt

oy = z'nA

&

Now when we consider the mechanical effects, since, on AMPRRE'S theory the
mechanical effects of two elements of currents upon each other are equal and oppo-

sitely directed in the straight line joining them, the field, due to the induced currents,
MDCCCXCIL—A. 2 Q
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298 MR. G, 7. WALKER ON REPULSICN AND ROTATION
will have no direct resultant mechanical effect on the cylinder, and it will suffice to

take the components of induction due to the external system.
The components of electromagnetic force along 8a, w 30, oz are

— Bw, ew, O,

and hence the mechanical force on the shell, parallal to the initial line from which 0 is
measured, is (per unit length)

a, f 80 . w (~— B cos § — e gin 0).
0
The force in the perpendicular direction (perpendicular to the axis of the shell) is
2w .
o&( 80 . w (o cos 0 — B sin 0).
v 0

The couple about the axis is
o
oﬁ*J o0 . aw
0
tending to increase 0.
Now, with the kind of field that we have taken,

E“‘O == 09
Gy =0,

and the period being 2/p, the value of I, over the surface may be expanded in the

series,

H, == Bl {[ML, cos n + N, sin nd] sin pt -+ [Q, cos n0 4 R, sin nd] cos pt}.
. ,

n=

We have already shown (vi.) that when
H, = Ae™gin pt
at the surface, then at the surface

Wy o
oy = — Ae™ gin pi.
0, p

Hence, with the expansion of Hy, we get

oy = %0 g {[ = M, sin nf + N, cos nd] sin pt 4 | ~ Q, sin nd + R, cos nd] cos pt}.
or ]

The corres&onding value of w has been found to be (v.)

S 4?,;,13_}—;7@; {[2map sin pt + on cos pt][M, cos nd + N, sin nd]
o Amtaip? + o'n? ‘ -

-+ [2mwap cos pt — an sin pt] [Q, cos nf + R, sin nd]}
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-2

In finding the mean value of the couple, a? ;Ja()w &0, we bear in mind that the
v 0

mean values of sin® p¢ and of cos® pt are 4, and of sin pt . cos pt, zero. On picking out
the coeflicients of sin® pt and cos? pt in egw, we find for the mean value of the couple

2 =0 —_— 2, — . s
J’o Y 1 El s i ;zn _2: — (~ M,sinnd - N, cosnd)(2wap{M,cosnfd + N,sinnd}
— on{Q,cosnd -+ R,sinnf})
+ (— Q.sinnd + R, cosnd)(on {M,cosnd 4 N, sinn}
+ 2wap {Q,cosnb 4 R, sinnd}).

Also

2

[277 sin®nf 80 = J’ cos® nf 860 = ,
) : 0
and

rw sin nf cos nf 80 = 0.

0

Thus the mean value of the couple becomes

i’ Tan®p i~ : -
%2 (dmaPp® + o*n?) i 2mapi— MM, + MN, — QR 4 QuR.}
|

“l“‘ O”}/I/{QnNn - Man - MnR% - NwQﬂ} ‘

o

WIT _ NQ —~MR) . . . .. . (vid).

1 4:’7T9669202 + o’n?

5. The couple vanishes when for all values of n,

M, N,
Q. = &, = tan ¢, say,
so that H, is of the form
3 208 (pt — 7
3 [Qucosnd ++ R, sin nb] €08 (1 = ¢u) s

cos ¢,

in other words, the couple vanishes when both parts of each harmonic are in the same
phase, though that phase be not the same for ail harmonics. As a particular case the
remarkable result holds that whatever be the nature of the external field (it being
made up, of course, of currents parallel to the axis), there will be no couple on the
shell, provided the external field be altogether in the same phase.

The Effect on an Infinite Cylindrical Shell, in the presence of an Alternating Current
wn o Parallel Wire, of the Interposition of o Parallel Cylindrical Shell.

6. Take the plane through the axes of the shells as that of ZOX, and a perpen-
dicular plane through the wire as that of YOZ.
2Q7%2
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300 MR. G. T. WALKER ON REPULSION AND ROTATION

The shells are thin; let their radii be ¢, ¢, and their distances from the origin b and
b"; let the distance of the wire from the origin be ¢, and the current in it I cos pt.
Let the position of @ pt.P in space be determined by its distances », » from the
axes of the shells and the angles 0, 0.
Fig. 30.

o

Then if b — b’ =d we have
7 cos 0 = 7" cos & — d
rsin @ =17 sin
Hence
e = g™ — d
therefore
N
™ (—d ey’
and if ' < d,

snf _ ()" ,
== )[1+——c.9'+“2,”’f—co 520+ ...
sinngd (=) o . .  nan+l @_2
= ['n—‘z sin ¢ - 5 sin 20' 4 . ]

So, too, if » < d,
re™ = re® 4 d,
and

cos nd’ won 4+ 1 72

p dn[1+-c s 0 4+ 51 —51n20+ ]

,7»”

sin nd’ 1 %n+l 72

o dn[ S8 0 4 = ; sin 26 4. J

7. Due to the alternating current in the wire we have, over the a, b cylinder,

— 2 2
HO=—Ilog(c @ sin 0) ]—;2(b+aeos6) cos pt

where D is a constant.
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b=pecosy
c=psiny

p* + 2pacosy + 6 + o?
Dfl

On putting

we get when o < p,

Hy=—1.log cos pt

~ 2
= — cos pt Llog %]
—ZIcosptL cos 0 +y — 2200s20+y+ cos30+y

4'04 cos 40 + y. :l

On substituting for
pcos 8, psin 20, &c.,

we get to the fourth power of a/p,

H,= 4+ Icospt| b + ¢
0 P — log De b2+2

(b cos 0 — ¢ sin 6)

+ - (b2 — (— ¢® + b2 cos 20 — 2bc sin 26)

2)2
2a?

+ B + @) (3602 — b3 cos 30 — ¢3 — 3b% sin 30)

4
T ow + oy (b* 4+ c* — 6b%" cos 40 — 4bc b* — ¢*sin 46) + ..

8. The currents set up in both cylinders will clearly be parallel to their axes, and
if those in the @, b shell produce at points on itself the momentum

H = M, sin pt + Q, cos pt
+ (M, cos 6 4 N, sin 0) sin pt 4 (Q, cos 8 + R, sin ) cos pt
+ (M, cos 26 + N, sin 26) sin pt + (Q, cos 26 + R, sin 26) cos pt
+ higher harmonics,

and if the currents in the o', b’ shell produce on itself a momentum, distinguished
from the above by the dashing of the letters

H = M/;sin pt + Q' cos pt
+ (M, cos 0+ .. .)sinpt 4 (. . .) cos pt
+ (M'ycos 20 4. . .)sin pt + . .
-+ higher terms,
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then in all we have, that on the a, b cylindrical surface, the momentum of the field
that produces currents in that shell, is (to the 4th power of ¢, «’, as will afterwards be

explained)
2 2
—1 logb 1_;0- cos pt
1.2 (bcos 0 — csin 6) cos pt
=1 02( cos ¢ — ¢ sin &) cos p
+ I n “ @ (b7 — ¢? cos 20 — 2be sin 20) cos pt
203 JE— S
+ 15— @ + & (8bc® — bP cos 30 — ¢* — 3b% sin 36) cos pt
4 —
+ 1 5@”‘_‘-,.02)4 (b1 + ¢* — 6b%? cos 40 - 4be ¢? — b sin 40) cos pt

-+ 5th powers . . .
+ M/, sin pt 4 Q' cos pt
+ (M, smpt—}—Qlcospt) <1+dcosﬁ+wcos20 )

+ (N’ sin pt + R | cos pt) (%) < sin 0 + " sin 20 . )

iz
+ (M, sin pt -+ chospt)%(l +..)

-+ 5th and higher powers.

9. But if D, = 4#%*p?® + o™n?, an external field of momentum
H, = ("M, cos nf + *N,, sin n) sin pt 4 (‘Q, cos nf + "R, sin nf) cos pt

at the surface of the «, b shell will produce in it currents whose momentum at the
surface is by (v.)

H=— %Wc'ép [2map sin pt + on cos pt|['M, cos nf + N, sin nf]
2mra, p

- [277&19 cos pt — o sin pt]['Q, cos nf + 'R, sin nd].

Applying this to the values of H and I, that we have recently found, we see that
to the 4th powers of a. & (as we shall shortly explain)
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__ Z2mapo 2Tab aa 4or? agp aa’
M, = D, [" b+ ¢ +z } & gt
2mapo 21ac an’ 4ma’p® aa/
4miatp? 21ab aa’ -, 2rapo ad’
Q= - D, li—b?+cﬁ+d”*(‘)’1} D, 2 Mo
dmtaip?® [ 21ae ad -, 2mapo ad’
Ry =— D, ["‘ pireT @ R ] D, & it
drrape [a®.0* — ¢ o T drta’p? afe o,
M, = D, [(b2+02)21+ & QlJ_ D, d M,
4'7mpo~ 2a be ata’ -, dm’a’p? oo’
N, = { 2)21+?R1]— D, dsNﬂ
47%2 2 ag b/3 — c’ aga 4:7rapo~ ata oo
4r?ap? 2a*be atd o, dmapa aga ,
R, = D, [“ (B + )? B Rl] - D, + N,
M 6mrapa 2a% (34 — b?)
8 D, (0 + 2B 7
N 6mrapo 2a% (¢* — 3b%)
8 D, @ +cp
Q, = 4ma’p® 2a°b (3¢ — b*
8 D, @ +c)y 7
R drlatp® 208c (& — 3b%)
8 D, (B + P 7
M S8mapo at (b* + ¢+ — 60%?)
+ D, 2 (0* + M)t ’
8mapo 2atbe (B — c?)
N4.< - s
D, & + &)t
Q, = 4rr?a?p® ot (b* + ¢t — 6b%P)
T D, 2 (0* + At ?
R, = 4o 2atbe (B — %)

D, (5 + &)

The equations that hold for the a’, b” shell may be obtained from the above by
interchanging dashed and undashed letters and altering the sign of d.
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10. In order to justify the approximation we observe :—
(2). For ordinary values of the letters, 2map is comparable with o7 ; in the case, for
instance, of a copper shell of diameter 10 cm., and thickness § cm.,

a=>5,
o =3 X 1640 about ;

and if
2map = on,

then p = 160n about, which means that the number of reversals per second is about
55n.

Hence, as far as we are concerned, we regard 4wapo/D,, or 8n%*p?/D, as of no
degree in a.

(8)- It only remains to remark that the degree in a, &’ of the most important term
of each of the coeflicients N,, Q, &c, is that of their suffix 1, 3, &e.

11. We have

. dmdpe’ ¥

M,=— . 1) I 4 cubes.
;o dma'pe’  d'c

N, =+ ARNTIE [ 4+ cubes.
, 87 &'V
e A R

87la*p?  a'e
[J— — A
By = — 50 s Lt

Hence, as far as the fourth degree, in a, o/,

Qarapo 2Tab 8rta*p®  ad? 16mata’Pe’  aa’?l
M, = 5! [ + 21] T e T
(viii.),

D, T B4+ T DB V4o DD, E b
N. — 2mrapo 21ac i I I S I
17 D, + P D, B+ D, D, @@+ J

with similar values for Q, and R,.

M, =1 dmapa [a® (B* — ¢*) | 8w%a*p®  a’a”V 16ma*a’p's’  aPa™V
2T D, L@ T D, 0P+ DID, FEP )

with similar values for N,, Q,, and R,.

The values of the coefficients may be determined by the same method to a further
degree of accuracy, and since the current w is given when the H due to it is given,
1.e.,
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0

=3 53;& [(M, cos n8 + N, sin nf) sin pt + (Q, cos nf + R, sin nd) cos pt],

1

thus, the currents may be determined to any degree of closeness.
12. In order to find the couple that acts on the e, b shell, we use our previous
result (vii.),
3 TN PQN, — MR,

As far as terms of the sixth degree in a, o this is (writing 8% 4 *=p? 0? + ¢?

2b / 7 ! ’ / ’ 2 ’
IO )

8mapo [a42 . 5° — ¢ a*a’ ., 2bca?
pme ey vy oy e

remembering that the third harmonic terms are (to this order) in the same phase and
give no couple (‘M = 0, ‘N = 0).
This expression is

aps  aw 2ab cwc ’ /D
- N ) T @ - Ry |

@szf‘;—l (b® — ¢®) N', + 2be M, ],

Now, Q',N’; — M’ R, has to be calculated to the second order only, and on reference
to the values of these coordinates to the first order it will be seen that it is zero.
Within the first bracket M’, and N’, are required to the third degree. We
have (viii.)

_— 2ma'po’ 216’ 167%a3a’p®D , ,
M 1 D/1 pzz + DID/1d2P2 I (OL o + ao )’

, 2ma’pa’ 21a’c  167PaPa’pPc , ,
N 1=+ D, PE — D, D, d%* I (0(’0- + ao )

Hence, for the couple we get

mwapo ao’ 20 2ma’pe’ 20/ 1673a%a %3
D, @ p* l: D/, ;)72( — be) + DD/dez(“°'+a°')(l)c"bC)
8mapa o’a’ o’l 2a’pa’ 210’ , ,
4 D, @ » D, oy [—2bc. 0 + (b* — F*)c].

This consolidates finally into

8miptad’cata’® 1 40? (p'* — d?) (ix)
pPp”d D,Dy’ D'\ D,p?a? o

13. It will be noticed that the more important term is symmetrical, except that it

MDCCCXCIT.—A, 2R

- I2.
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changes sign if it be applied to the o', b’ shell instead of the «, b; the direction of

rotation is negative when b — b’ is positive, u.e., is as indicated in the figure, and is

a priort likely, since the repulsion is likelier to be stronger where the currents and
Fig. 31.

D

field are stronger, .e., on the side nearest the wire of the shell to the left and on the
unshielded side of that to the right. The couple changes sign with ¢ as it should, and
vanishes if o or o’ vanish. The term of the eighth degree vanishes when p’ = d, i.e.,

QR =QW.

The Effects on two parallel Thin Infinite Circular Cylindrical Shells of o Thin
Filament parallel to them, and alternately Magnetised in o direction perpendicular
to 1ts Length.

14. Let the same axes and coordinates be taken as before ; the filament may be
regarded as an electromagnet consisting of a current

% cos pt  (where « is small),
parallel to OZ at = 0, y = ¢, and a current
— cos pt,
parallel to OZ at = — ksina, y = ¢ — Kk COS .

The direction of magnetisation will then make an angle of « with OX, and the
strength will be A cos pt per unit length.

If I. f(b, b, c,d) were a coefficient in the expansion of the electromagnetic
momentum in the case of a current Icospt at x = 0, y = ¢, then, with the electro-
magnet, that coefficient will be the limit of

AP0, e, d) AP+ wsine, b+ ksing, ¢ — kcosa, d),

A[—-— sina.(%{-l—g—‘;,—)-}-cosa%’ﬂ,

ne.,
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but the same plan will not avail when applied to find the new couple (by directly
differentiating the couple due to the current I cos pt), owing to the interaction of the

currents set up by the two elementary currents of the electromagnet.

We shall have to use our previous result, that if' the external field on the surface of

a shell has momentum
S[(M, cosnf + *N, sin 20) sin pt + ('Q, cos né + ‘R, sin nf) cos pt],

the couple is by (vil.),
4’”‘2"’” ['N,Q, — M, R,].

On reference it will be seen that due to the current I cos pt, we had

aa’ 4dma’pa’ a't/

\ e e St

M, = P D, - 1 -+ cubes.
. ad’ dmwa’pe’ o'c

N =T

v __  2ab aa’ 8miap® o't/
Ql - —f’? dz D/ p/g

. 2a¢ o aa’ 8w*a?p® e
Rl = —|- ;)2— 1 d2 D’ plz

Now, with the electromagnet instead of the single current (remembering

pcosy =", psiny =c¢), s; I will become

+A{ S~u—1~m--|— 2(-I—bsmoc-l—ccosoc)J

or

A { sin « + 2 ina -+ y]

Also ;% I will become

A oo - —
p;[cosa-—'—Zmnysma-{—y]

and for ;)b,—gl, ;c;é I, we have merely to add dashes to p and .
If we omit terms of the eighth degree in a, o/, the value of the couple will be
a WAT W WAL WD
B ONQ = MRy,
2R 2
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308 MR. G. T. WALKER ON REPULSION AND ROTATION
where
4: ! !B . . R
“M; = — Zp(fafi A (— sina + 2 cos y sin a0 - v),
a*D’p
“ 4mpo’an’® o g e
N, = — A A (cos @ — 2 sin o/ sin a0 + o),
1P
\ A, e , I —
Q= — i;? (—sina+2cosysina-+y) + E%)‘f}“pg A (—sina+2cosy sina41y'),
. 1
2aA . L 8maatp? i~ sl !
"Ry = — F (cos e — 2siny sin a + y) + —;;g,cip]% A (cos & — 2sin y sin a -+ y').

On multiplying up, we notice that the second terms of “Q, and "R, cancel, when
multiplied respectively by “N; and “M,, and we get for the couple

mwapo 2aA dmpo’aa’

D, p* @&Dp? A

X [(cos & — 28iny sin o + 5') (— sin o + 2 cos y sin a -+ y)
— (cos o — 2sinysina + y) (— sina + 2 cos y sina + y')]

or

D, 7" [2 sin a 4 7y (cos y cos & — sin y sin )
— 2 sina + 7 (cos y’ cos @ — sin 9/ sin )

— 4dsina 4+ ysina + ' (cosy siny — cosy siny)].

The expression within the bracket is

or

— 2siny — y[cos2a 4+ y + 5y + 2sina + ysina + y']
or

— 2siny’ — ycosy — y.
Hence, omitting terms of the eighth degree, the couple on the a, b shell is

8m*plad’ata’® .
—_— AT L 7T ) 9
AY oD Dt S 2

where ¢ is (y' — y), the angle subtended by the axes of the shells at the electro-
magnetic filament.
15. To this order then we have the following results :—
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PRODUCED BY ALTERNATING ELECTRIC CURRENTS. 309

(e.) The couple exerted on a shell is independent of «, i.e., of the direction of the
axis of the electromagnet.

(B.) The shells have equal couples in opposite directions, the parts of the shells
directed towards one another being driven towards the electromagnet if ¢ is less than
a right angle and driven away from it if ¢ exceeds a right angle. If ¢ be a right
angle the couple vanishes.

Fig. 33.

i/ﬁg) (L OO

The Mechanical Effect of Currents set up in o Thin Spherical Shell.

16. In obtaining the currents set up by a given field we follow Professor C. NIVEN :
+f, using spherical coordinates and the ordinary notation, ® be the current function of

Fig. 34.

the distribution in the shell, P the potential of imaginary matter spread over it with
surface density ®, then

14
Q——;E;(PT), F=o,
1 dr . P
= , H=— 2.
a sin 0 d¢ adf

The components of the current are
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310 MR. G. T. WALKER ON REPULSION AND ROTATION

If the external field have magnetic potential @, and if

Qy= — adqi (POI))

(ever distinguishing quantities that refer to the externally applied system by a zero
suffix), then the equations connecting the components of the vector potential with
the components of induction are satisfied by

1 dp, ) ap,

Fo:O, Go asm08¢, H0= _“89

The equations giving the currents are

e d[a51n68¢(P+P°)] v»

__d[_13d oy
+";;59——dt[— ae(P+P0)J 25in 60

and are satisfied by

Let us consider the case

Q,= A (g) Y, e,

where ¢ is the radius of the shell, and Y, is a spherical harmonic of degree n.
We have
L Yn ; [24

= — By — I, ipl ot 3
PO A @+ 1 € A w1 Y..e? at the surface.

If due to this
O = BY,e#;
then

dora . ,
= W
P 2 + 1 BY..

at the surface, and the equation for B is

therefore
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A P
B=__"n+1
Admpa +
m+1"

_ A§n+ lap dmpa —i2n + lo )
n+1 1672 4+ 20 + 1'®

Denoting then
167%%® + 2n + 1°6°
by A,, we shall have corresponding to

Q, =AY, cos pt
at the surface, the value

2n + 1 pa

®:A(n+ DA,

Y. (4mpa cos pt + 2n + 1 o sin pt),

and corresponding to
Q, = BZ, sinpt

® = Bz, 2rt 11

Tx (4mpasinpt — 2n + 1 o cos pt.)

17. If the components of magnetic induction or magnetic force along the directions
3, 780, 7 8in 6 8¢

be a, B, v, the components of electromagnetic force in these directions will be

od od
yv — Bw, or —Yasinﬁacb—’gggé
ow or o ai
’ a 06
— av, or o o .
’ asin 00

The couple about the axis of z will be the integral over the surface of

— av.asin 0,

where in o it will be sufficient to take into account the external field (as in the case
of the cylinder), for the shell will not exert any couple on itself. This couple is

”dS.ug——j-
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312 MR. G. T. WALKER ON REPULSION AND ROTATION

Now if Q, be periodic in the time 2u/p, it can be expanded near to the surface of
the sphere in the series

n= w

p <§>n Y, cos pt + Z, sin pt]

n=1

where Y,, Z, include only harmonics of the n't degree.
Due to this value of Q, we shall have at the surface

az—zg[Y,,cospH—Znsinpt] Coe e (x),
and

= 2(2n+])pa

(1A [4mpa (Y, cos pt + Z, sin pi)

o+ 1o (Y, sinpt —Z,cos pt)] . . . (xi).

The mean value of sin® pt and cos® p¢ being %, and of sin p¢ cos pt zero, that of

“ds.a%’

will be, denoting differentiation to ¢ by dashes,

n 2n + 1 pa , -,
3[as ['-‘3@ Y%>E'n—+ S (dmpaY', — 3 4 1ol

2n + 1pa , e ,
s (1; zﬂ) 3 (trpaZ, + 20 1 oY ”)]

n

Now Y’,, Z', are harmonics of the n®t degree and will give zero when multiplied
by harmonics of other degrees than n™ and integrated over the sphere: hence it is
sufficient to write for the couple

& . 2 1 ’ ’ ’ 7
1([as SR P [+ 1) o (V& — YIZ) = dmpa (VY + ZZL))

Also Y, (0Y,/0¢) being a perfect differential, vanishes when integrated to ¢ from 0
to 27 : thus

[ j dS.Y,Y', = 0,

[[as. 2z, =0,
and the couple is

an.(2n+ 1) po o7, QXE )
%m”ds'b{”a‘ﬁ_zﬂ o (xii.).
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[It might be objected that being given the external field, we have no right to take
¥, =0 at the surface; we have proved, however, in cur introductory work, that
if O, be given, an alteration in the normal component of the vector potential only
introduces an alteration in the electrostatic potential.]

18. Hence it follows that—

(ee.) If the external field be symmetrical round the axis of Z, so that Q is
independent of ¢, the couplg will be zero ;

(B.) if the external field be completely in the same phase, or if when expanded in
harmonics over the surface its form is

(20 =3 Un COS (])t + en)n

where ¢, is independent of the coordinates 6, ¢, then the couple vanishes.
From this it follows that if’ we have an exciting field in the same phase, and intro-
duce any number of perfectly conducting bodies, the couple will still be zero.

The Couples on two Thin Spherical Shells due to the presence of an Alternating
Current in a Straight Infinite Wire.

19. Let the line joining the centres of the shells be taken as OX and the shortest
distance between this line and the infinite wire as OY.

Let the radii of the shells be @, ', and their central distances from O, b and b’ :
let the distance from Q of the wire be c.

If a point in space have polar coordinates #, #, ¢ when referred to ) as origin and
axes parallel to OX, OY, OZ, and coordinates 1/, §', ¢’ to Q' as origin, its Cartesian
coordinates will he

MDCCCXCIT -—a4, 2 s


http://rsta.royalsocietypublishing.org/

A
/) \

/

e

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS

Py

/,

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS

\

2

OF

/,//' \\
3

y i
=\
{

A

OF

Downloaded from rsta.royalsocietypublishing.org

314 MR. G. T. WALKER ON REPULSION AND ROTATION

z=>b -4 rsinfcos ¢
= + 7" sin @ cos ¢’

y = rsin 0sin ¢
= 7’ sin ¢ sin ¢’
z = rcos 0
=1 cos 0.
Thus (if b — &' =d)
v sin @ cos ¢’ = rsin fcos ¢ + d
7 sin @' sin ¢ = rsin @ sin ¢ S (xid),
r cos ¢ = rcos 0

so that
1% =1 4 2drsin 0 cos ¢ + d?,

and when » = « and is less than d,

1 1 @ . 1
;;_-.Zl[l —asmﬂcosq)..._],

so that, omitting second harmonics,

O d L (1= " sin 0 cos ¢) (d 4 asin fcos )

/,.’2 dS
1 2a . . .
= 5= S0 6 cos ¢ + higher harmonics.
p:
sin @ sing’  asin@sin ¢
P
cos @  acos 6
72T B

20. Hence if the currents in the a, b surface produce upon that surface a magnetic

potential
Q = (A sin 0 cos ¢ + Bsin 0 sin ¢ 4 C cos 0) cos pt

+ (D sin 0 cos ¢ + Esin 0 sin ¢ + F cos ) sin p¢

~+ harmonics of second and higher orders,

and if the currents in the &, b” shell produce upon itself a potential &', whose value 1s
distinguished by dashes from the above, then the value of ©" upon the «, b shell
will be
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PRODUCED BY ALTERNATING ELECTRIC CURRENTS. 315
a? ., ;.
) (A’ cos pt 4 D' ¢in pt)
aa'? . s . ,

+ [— 2A’sin @ cos ¢ + B’ sin 0 sin ¢ + C’ cos 0] cos pt

)
% [— 2D’ sin fcos ¢ + E sin O sin ¢ + F cos ] sin pt

-+ higher harmonics.
The magnetic potential at a, v, z of the current in the infinite wire is

€ —

2l tan—1! ——;‘?! cos pt,

and hence at 6, ¢ on the a, b sphere is

_1¢—asinfsin ¢}

21 [tan b + asin @ cos ¢ |

cos pt,

or
¢ ab sin @ sin ¢ ac sin 6 cos ¢ 1

-1% _ _
ZIcospt[tan h b Fre )

omitting harmonics of second and higher degrees.
Hence the first harmonic of the magnetic potential of the system external to the
a, b shell is upon its surface,
0, = (‘A sin f cos ¢ + "B sin 0 sin ¢ + "C cos 0) cos pt
+ ("D sin f cos ¢ + ‘Esin 0 sin ¢ 4+ *F cos 8) sin pt,

where, if b? 4 ¢* = p?,

A== =y 8
. 2lab | aa” .,
B=— T+ B
\ 2a0"*
D= - =D
N aa® -,
. a'?
C= +%C
. a’® L,
F= 4+
o3
282
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Now we have shown (xi.) that a field

Q, = Y, e
produces a current function
2n + Lap —
_ ———— J— it
P o+ DA, (dmpa — 1. 2n 4+ 1 o) Y,e
The P of this is

4re w\#t1

SUCTLH

and its magnetic potential at the surface
drn
2n + 1)
Hence the magnetic potential of the currents induced in the a, b shell by the system

Qo= (‘A sin 0 cos ¢ + B sin §sin ¢ 4 C cos ) pt

-+ (*Dsin 0 cos ¢ - ‘Esin 0 sin ¢ + ‘F cos 6) sin pt
will be

.ﬂr]?a

Q= [( A sin 0 cos ¢ + B sin 0 sin ¢ -+ *C cos ) (4mpa cos pt + 3o sin pt)
+ ("D sin @ cos ¢ 4 "E sin 0 sin ¢ + I cos 0) (4mpa sin pt — 30 cos pt)].
Comparing this with

(A sin 0 cos ¢ + B sin @ sin ¢ + C cos ) cos pt
4+ (D sin 0 cos ¢ + Esin 0sin ¢ + F cos ) sin pt,

we have, on giving ‘A . their values,

- 2mra Hoe 2007 2ac” 1,
A = X [4’”}?0&( Pg g A)—- 00'<—- e D1,

. Surpa 2lah  an”? an® o,
I3 == A 47rpa< 7 + 7 B> <<Z3 E>j|,
__ 2mpa aa” ., aa”
C= A, {4#})@(({3 /> 3o F]
D = 2 ir3<f<— 2lac ?@fg A> + 47Tm< 2{4@ D)J
A L P
_ 2 2lab | o > aa’?
E= A, [30’( » + B/+17Tpa< E)J

_2mpal ., [au® aa” o,
F = A !LScr Lo (/>+477pa 7 .
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21. There are, of course, six similar equations obtained from consideration of the
currents in the o', b’ shell : these equations are accurate, since the introduction of
further approximations gives rise to harmonics of higher orders than the first.

From the four equations giving C, F, €’ and I, it follows that all these quan-
tities are accurately zero, as might have been expected, since the systemn is unaltered
on taking — z for + z, t.e., putting (= — 0) for 0.

From these equations it follows, as in the case of the cylinder, that the principal
terms of the first harmonics are of the first degree in the radii, but their next are of
the fourth (not the third, as for the cylinder).

It will also be obvious that the principal terms of the harmonics of the second
order will be of the second degree in the radii

The values of the coeflicients can be calculated with ease, as with the cylinder, but
we wait to see which of them are involved in the couple.

Writing the external field on the a, b shell in the form

Q, =Y, cos pt + Z, sin pt,

1.3% po o @_& QY_I-
534, ”db'[YI op — ag&J’

the couple will be (xii.)

and the most important term omitted (that from the second harmonie) is of at least
two degrees higher in powers of the radii.
Also,
Y, = ‘A sin 6 cos ¢ + ‘B sin #sin ¢,
Z, =D sin 0 cos ¢ + “E sin 0 sin ¢,
so that the couple is

[ S [(A cos ¢ + Bsin g) (— "D isin ¢ + Ecos §)

44,
— (= A sin¢ +'Beos ¢) (‘D cos ¢ + ‘E sin $)] sin? 6,
or
9po [(80.0sins 0" 8¢ {(A'E — B'D) (sin® § + cos® )},
44, )y 0
or
9y N AT NN 3
ﬁ%%ag 27 ((A'E—-"B'D) . . . . . . . (xiv.).

On reference to the values of ‘A, &c., it will be seen that to fourth powers of radii,

21a aa’?

‘A'E —'B'D = — o [CE’ -+ ZbDI] B

also
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12mpa’?e’c .
D= - % I 4 terms three degrees higher,
1
o= — 127rpa’?c’b’
o pPAY

Hence the couple increasing ¢ is

b6mpale  21aPa®  12wrpa’c’ I

B, . prd? . p* AL

(b + 2bc)

or
1447*pPoo’ata’*c N T2
T (b ) I

22. In obtaining the couple on the «’, " shell it will not do merely to interchange
dashed and undashed letters, for the equations (xiii.) give when ' = o’ and < d,

1 Y ' ,
T‘1=&[1+%81n3 cosqS...jl,

so that
in @ 1T 3 . , , - ;. ’”
Sm U eos ¢ 9;05‘1’ = EZEL]'_F—;—SIHB cos ¢ ...J[—d-l-a sin 0 cos ¢
1 20/ . ’ ,
:—ﬁ—-dﬁisnlﬁcosqﬁ,
sinfsingp o . .
T:ﬁsmﬂsmqﬁ,
0 " ’

These equations may be obtained from (xiii.) by interchanging dashed and undashed
letters, leaving the sign of d unaltered, with the exception of the term — (1/d?) in
(sin @ cos $)/7?, and as this term does not appear afterwards (being constant over the
sphere), the exception is negligible.

The subsequent work does not introduce d afresh, it only makes use of the formulze
we have obtained, and thus it will be seen that the final couple on the o/, b shell is got
by the changing of dashed and undashed letters, leaving the sign of d unaltered ; it is

1447*p oo’ ata’te ,
D A A (b + 2b) 12

If we write & for 4 (b 4+ '), the mean of distances of the centres from 0, the

couples are
T2mpraa’ata’t

SR J T2
raa A (GhEd) T


http://rsta.royalsocietypublishing.org/

VA\
N
. 0

/

e

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

3

a

/

AL

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

PRODUCED BY ALTERNATING ELECTRIC CURRENTS. 319

23. Hence

(e.) If o, o’ or ¢ vanish, the couple vanishes, as might have been expected.

(B.) The signs of the couples fall into three cases :—

(i.) When 64 is positive and > d, both couples are positive, and tend to increase ¢.

Fig. 36. Fig. 87.

/ 774 % 2 \ /a’ 2 a 3
o —— o
W w

.

(i.) When 64 is numerically less than d, the @, b couple is positive, and the o', b’
negative.

Fig. 38.

_9"// 6‘;\\'1 V4 [ ,‘\{MWAX
N N

[~

(ii.) When 6k is negative and numerically > d, both couples are negative.

Fig. 39. Fig. 40.

f/\\\ yf/h\\ F/lﬂ\\\ - F/\T
W h\\. /é %
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The Couples on two Spherical Shells, produced by a Filament of wnfinite length, per-
pendicular to the Line jorning their Centres, and alternately Magnetised wn o
direction at right angles to its length.

Fig. 4.

x

Y

24. Let the same axes be taken as before, and let the direction of magnetisation
make o with the plane XOZ. The filament is equivalent to an electromagnet formed
by currents

K o
. cos p,
parallel to OZ at @ = 0, y = ¢, and |

K cos pi
® 0 'p
at @ = — ksine, y =c = kcosa, in the limit when « is small; the strength of
magnetisation will then be K cos pt.
As before, a coeflicient of magnetic potential

[Fib, ¥, c)

due to the current I cos pt, will become
L a
K L’W ST o (815 -+ a’b‘£> -+ cos aé; ﬁJ

due to the electromagnet, and if

pcosy:b;
_psinyzc;j

then on reference to previous work it will be found that whereas we had for ‘A due
to I cos pt,
2ae " ,
s - we fourth powers,
o i
now we shall have

2Kae . _ )
A = - o [cos e+ Zsmysina ~—qy| . ..
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So, too, we shall have instead of
21ab

B:—"“‘P‘z". C
. 9K : —
/B::-——p—;[—smoc—l—2cosysma—y],
and '
N aa? .,
’E::_dg’E

(denoting by suffix (,) that we have an electromagnet, not a current).

Also

o 13
B = — 1‘2‘720;"2({'12
Therefore,

W= — 1%51%;21’ K[— sin & 4 2 cos 9/ sin & — /],

and similarly, ] o,
‘D= — Z‘;; D,

and

D=~ R [t 26iny sin e =)

But the couple tending to increase ¢ on the «, b shell is, by (xiv.),

6 ? NI AY \
Wi? < (\/‘A IE - /B /D)’
or
6mpate aa’® , . ,
P20 (A K+ 2,B,D),
1
or
6mpaie” 2Ka 12pmas’ p
AP 0? A p? K.f (“’ Y ¥ )s
where

S (2 v, y)=][cos « + 2 sin y sin & — y][— sinoe+200s-y’sinoc--'y"]
+ 2[—sina+ 2 cos y sin @ — y][cos @ + 2 sin 9 sin & — 5]

= — 3 sin @ cos a + sin @ — y[4 cos « cos y — 2 sin a sin y]

+ sin a —i;’ [2 cos @ cos ¥ — 4 sin a sin y]

+ 2 sin @ — y sin @ —9'[2 sin y cos ¥ + 4 cos y sin Y]

= —32sin 2a -+ sin « —y[cos @« —y -+ 8 cos o + y]

321

+ sin & — 5/ [3 cos a + ¢’ — cos & — /]

+ [cos y — 7" —cos 2a —y — ] [8 sin v+ +sin :}’/;';’:]

MPCCCXCIL—A, 2T


http://rsta.royalsocietypublishing.org/

A A

-
A
I

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

322 MR. G. T. WALKER ON REPULSION AND ROTATION

On multiplying out and replacing products of sines and cosines by sines and cosines
of added or subtracted angles most of the terms cancel, and we are left with

1sin2(y' —y)+$sin2 (e —y —7).
Thus the couple on the a, b sphere is

27t oo’ - . —_—— . ,
2_——p2p’2AlA’1d3 [sin2y —y + 3sin2 (e —y —7)],

and on the o', b’ sphere,

9,9 4 1 ! -
2——————73,;,25:12,12‘; [—sin2y =5+ 8sin2 (e —y — )]
25. From this we see that
() Tf the couples on the two shells be equal and opposite
(e=y=7y)=0 or xim
€.,
a=y+y or y+ytim

(B.) The couples will not vanish whenc¢ = 0 (and y = %' = 0), unless in addition
a=0 or 4 } 7 (in which case there is by symmetry obviously no couple).
(y.) We may take as an example

and the couples will be
Tomptatdic’s - /3 :
PPAN, & E= %~ — 8sin 2a],
the upper sign referring to the a, b shell.
The bracket will be positive when a = — 45° say.

The bracket will be positive and negative when @ = 0 or 90°

17. [ m
“ ap &
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The bracket will be negative when a = 4 15°,

M

7

(8.) In confirmation it may be noticed that if y = 7 — 3’ (i,e., when the system is
symmetrical to OY), and « = 0° or 90°, the couples are equal and opposite.

The couples are then
o 12mpPatataa’ .

TRy e

and are negative and positive on the a, b and &', I shells respectively, for all possible
values of vy, for which the a, b shell is to the right of o/, b'.

| TFig. 45.
——1)

The Couples on Two Spherical Shells in the presence of a Magnetic Pow u
strength H cos pt.

26. Take OX through the centres of the spheres and OY through the pole, whose
distance from O is e.

212
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Then, with the same notation as before, the magnetic potential due to the single
pole will be, on the a, b shell,
. H cos pt
T [p* + @® + 2pa sin 0 cos b + g

Q,

A
H C;S]O [1 ___ ; Slll g cos y -|- ¢. —|—- second h&TmOHICS]

The equations (xiii.) now give

‘A= — Ii:f cos y + fourth powers of @
o
1o .
‘B = I’P& sin y + .
o o . (XV.),
o Qa0 D’
D=—"4
‘E = + - E

7

and since in Q, there was no term cos 0, the coeflicients 'C, 'F will be zero.

Also

2wpa

D = =~[80."A] + fourth powers,

E = 27rpa

[30‘ B]..
Therefore

, 2 / ’ Ho /
D:Zz,m30'["" pc/tcos'yj\”"

F = 272?“ 3o’ . [—1— I}Og sin ‘)/:|. ..
The couple on the a, b shell has been pfoved to be (X1V)

ST AV BD).
This is equal to
—— [A E 4 2'B.D7,

or
6mpa’s aa” Ha 6mpa’s’ Ha'
A& ,o2 Ay p?

— cosy siny — 2siny cosy],

or
36m’pPata’tcoo’

— B (b 2b),
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The couple on the &, b’ shell is

o 367 pPatacaq!

— e (2b 4 )

27. Thus we see that

(2.) The couples vanish (as they should) when ¢ = 0.

(B.) When b = — b’ and a = o, the figure is symmetrical to plane YOZ, and the
couples will be equal and opposite (as they should): that on the o, b shell being

positive if d be positive.
Fig. 47.

N o g
OO

M

(y.) For other cases the discussion of sign is similar to that for the current I cos pt,
and there are three cases :-—
I. When b and 0" are positive, the couples are both negative, as also if ' be
negative and 4 (b + ') > d/6.
Fig. 48. Fig. 49.

o 7\ 2
) )
" M

II. When (b 4 V') < d/6 numerically, the signs are 4, —.
Fig. 50.

7\ b
(O~
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ITI. When } (b 4 %) is negative, and is numerically greater than d/6, the couples

are both positive.
Fig. 51. Fig. 52.

1N _on |
J&U / o\

c

0
.
o
.
L

The Couples on two Spherical Shells in the presence of a small Magnet of Moment
K cos pt, whose Aaxis cuts the Lane joining the Centres of the Spheres at an
angle a.

28. We regard the magnetic particle as havihg a pole of strength (K/k) cos pt at
x =0, y = ¢, and a pole of strength — (K/k) cos pt at

= —ksina, y=c+ kcosa’, where o = (7/2) — a.

Fig. 53.

If a coefficient of magnetic potential due to a single pole at (0, ¢) of strength
H cos pt, be
Hf (b, b, ¢)

that due to the magnet will be the limit when « is small of

(K/x) (b, V', ¢) — (K/k) f(b+ ksinea/, b’ + «sin o/, ¢ + « cos &),

i.e., will be
_— K[(g—}g—}-%) sin o %]«: cos o’ }
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Now we had (xv.)
\ Habd
A= ——cos)/_. — —.
P P

Thus, distinguishing coefficients arising from the magnet by a suffix (,) as distinct
from the magnetic pole, we have

N 13" ., 3b ,
,A=—Ka[<—p~3 —p;>sma—|—;5—ccosa:]

o
A
L

A B

K . . T

:é =—=:-g|:smoc+3cosysmm+y]

> ’

2 A So too from ‘B = Hac/p? (xv.)

=0

[593 ‘IB=I—{;[—cosa + 3 sin y sin &’ 4+ ].

22 We had also

U 2 6 H Ib/

Eg ‘D = 20;0; . Wic,w - =~ -+ higher powers,

Q-U W

gﬁ o ‘B — aa”®  6mpa’s’ Hac

='<Zz @A pe’

= Hence
‘D=K 1%;4{?“,30 [—sina + 8cosy sina’+ y]..
‘E=K Qgg%@ ,(37 [—cosa’ + 8siny sina ++]...

Thus the couple

L L R
- Al ( /A /E /B ID)’

__ bmpa*s KPa 6wpaa’s’

Al * p3 * d3A/ '3f( 7’7)

A

//q\ ﬂ where

2 . S, y,¥)=—[—sin &' + 3 cos y sin ml[_— cos &’ + 3 sin 3’ sin ml__
S - —[—cosa’+ 3 sin y sin o + y] [ 2 sin &’ + 6 cos ¥’ sin &’ 4 ']
e — 1 {(sin &’ + 8 sin &’ 4 2y) (cos &’ — 3 cos &’ + 27)

E 8 + (cos &' — 3 cos o/ + 2y) (sin o + 3 sin &’ + 29)}.

= w

On multiplying and continuing the practice of replacing products by sines and
cosines of sums or differences, we get

— 3 [sin 20’ 4 3 (sin 2y 4 sin 2y’) + (sin 2&” + 5/ — sin 22" + )
— 3sin 2 (y' —y) — 9 sin 20" + 2y + 2¢'].
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Expressed in terms of «, the couple on the two shells will be
27w pata a0’

— KA e P (1Y)

where

¢ (o, y, ¥') =sin 20 4 3 (sin 2y + sin 2y') - sin 200 — ‘27’

— sin 2a — 2y — 3sin 2y — 2y — 9sin 200 — 2y — 2y
29. Hence we have
() If =7 — v, «
¢ (2, y,7v') = 3sin 4y + 2 sin 2y cos 2a — 8 sin 2a.
For the couples to be equal and opposite we must have @ = 0 or } =, and then

¢ (,y,9) = 3sindy 4 2 sin 2y.

If y= % (ﬁg 54), the values of ¢ (@, y,7') are negative, both for « = 0 and
a=14%7; if y=%x (fig. 55), both values of ¢ (e, v, y') are positive.

s K o BE
Fig. 54. Fig. 55.

. C\ )
N/ $ ]
] /Q

(B.) Tf we take y = 30°% 5/ = 60°, we find that
p 3
f(“, ')’,’}/) = — %[:-—-—I— 9 sin 2oc]
, =19 .
f(“, v,y = — %l:%) 411 sm‘QaJ-

The former is negative when a increases from 0° to about 98° 23’, and positive
thence to 171° 87, being negative to 180° The latter is negative from 0°to 112° 34/,
positive thence to 157° 26/, and afterwards negative to 180°.
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In fig. 56, @ = 45°; in fig. 57, & = 105°; in fig. 58, @ = 135°; and in fig. 59,
a = 165° A
Fig. 56. Fig. 57.

o/&d/&c o/%mm
@A/ &

¢
<

MDCCCXCIL—A. 2 U


http://rsta.royalsocietypublishing.org/

